	Draft Proposed New Jersey Geometry Model Course Content  -  Draft 12/23/08

	Mission:   Students use mathematics to make sense of the world around them.  They use mathematical reasoning to pose and solve problems, communicating their solutions and solution strategies through a variety of representations.

	Course Focus:  Students focus on reasoning about both two- and three-dimensional figures and their properties.   They develop facility with a broad range of ways of representing geometric ideas, including coordinates, networks, transformations, vectors, and matrices.  Students are expected to make conjectures, prove theorems, and find counterexamples to refute false claims.  They are also expected to use properties and theorems to construct geometric objects and to perform transformations in the coordinate plane.  The habits and tools of analysis and logical reasoning developed through studying geometric topics can and should be applied throughout mathematics.  With this in mind, this course also applies these tools to probability and probability distributions.   This course builds on geometry and measurement concepts students encountered in middle school and extends some concepts addressed in Algebra I—such as coordinate geometry and the use of algebraic techniques—to analyze geometric relationships.

Technology:  Students should regularly and routinely use computer or graphing calculator software that allows them to construct geometric figures and explore conjectures.   They will frequently use approximations for most computational work and thus also will routinely use calculators for computations.

	Big Ideas:  Geometry includes not only the basic notions concerning shape and dimension, but also the opportunity for students to develop their understanding of and facility with proof.  It further builds connections to algebra, probability, data analysis, and discrete mathematics.  Each big idea is related to many of the topics in the course outline below.  

PROOF 
Students should develop an appreciation of mathematical justification in the study of all mathematical content.  In this course, their standards for accepting explanations become more stringent, and they develop a repertoire of increasingly sophisticated methods of reasoning and proof.  Reasoning and proof are not special activities reserved for special times or special topics in the curriculum but should be a natural, ongoing part of classroom discussions, no matter what topic is being studied.   Students should expect to explain and justify their conclusions.  Students should be able to follow, critique, and develop simple proofs using the techniques of traditional synthetic geometry (whether a two-column proof, a flowchart, or a paragraph) as well as to use the algebraic techniques of coordinate geometry in proofs.  Students should be able to make direct arguments to establish the validity of a conjecture as well as have some experience with indirect proofs.  

SHAPE

Students need to learn not only the basic properties of plane and solid figures but also what properties do not change when a shape is moved in some way.  They need to consider which transformations preserve congruence (isometries) and which preserve similarity (dilations).  They need to consider right triangle trigonometry as an application of similarity.  Students should be able to use symmetry to generate an object or pattern.   Students should be able to use the properties of shapes, congruence, and similarity in proofs and to solve problems.  

DIMENSION

While students have worked with two- and three-dimensional shapes for many years at this point, they may not have formalized their understanding of connections between and differences among the various dimensions.  The idea that a point has zero dimension may be confusing.  Students need to decompose 3D figures into their 2D parts, using projections and nets.  They need to be able to combine several shapes to generate more complex ones or to transform a 2D shape by rotating it to generate a 3D shape.  They need to connect these notions of dimension to the work done in middle school on perimeter, area, surface area, and volume and to consider the impact of dilations on such measures.  In addition, students need to consider the importance and impact of precision on computed measures.

CONNECTIONS BETWEEN ALGEBRA AND GEOMETRY

Coordinate geometry provides the link between algebra and geometry that is needed to specify locations and describe spatial relationships.  Geometric objects can be described algebraically (for example, circles can be described using equations), and algebraic expressions and equations can be interpreted geometrically (for example, parallel lines have the same slope).  Students also formalize their prior work with transformations.  In this course, the connections between algebra and geometry focus primarily on the use of coordinate geometry transformational geometry.

CONNECTIONS AMONG GEOMETRY, PROBABILITY, DATA ANALYSIS, AND DISCRETE MATHEMATICS

Geometry, like algebra, provides a language and techniques for analyzing situations that involve probability, including those that involve geometric probability.  Understanding systematic counting and listing is needed for students’ work with probability.  Students also consider probability distributions in this course, including the normal distribution.  Further, vertex-edge graphs are a geometric representation of relationships useful in describing and analyzing networks.


Geometry Course Content Overview

A. Geometric Representations:  Coordinate Geometry, Vectors, and Vertex-Edge Graphs

A1.  Coordinate Geometry

A2.  Vectors

A3.  Vertex-Edge Graphs

B. Reasoning in Geometric Situations:  Lines, Angles, and Polygons

B1.  Reasoning & Proof

B2.  Angles and Lines

B3.  Polygons

B4.  Angle Sums, Tessellations, and Triangle Inequality Theorem

B5.  Geometric Constructions

B6.  Precision & Accuracy

C. Congruence, Similarity, and Right Triangle Trigonometry

C1.  Congruent Triangles and Isometries

C2.  Similar Triangles and Dilations

C3.  Congruent and Similar Polygons

C4.  Right Triangle Trigonometry

D. Circles

D1.  Definition & Properties

D2.  Relationships of Lengths and Angles
D3.  Measures of Length, Angles, and Areas

D4.  Equation of a Circle

E. Three-Dimensional Geometry

E1.  Surface Area and Volume

E2.  Two-Dimensional Representations

E3.  Cross-Sections

E4.  Rotations of Two-Dimensional Figures 

E5.  Relationships of Planes

F.  Probability

F1.  Combinations

F2.  Pascal’s Triangle

F3.  Geometric Probability

G.    Conic Sections (Optional for students having completed Algebra II)

	A.  Geometric Representations:  

Coordinate Geometry, Vectors, and Vertex-Edge Graphs

	Essential Questions
	Enduring Understandings

	· How can coordinates be used to describe and analyze geometric objects?

· How are vectors used?
· How can vertex-edge graphs be used to solve problems?

	· An object’s location on a plane or in space can be described quantitatively.  The position of any point on a surface can be specified by two numbers.  Computations with these numbers allow us to describe and measure geometric objects.
· Vectors indicate both direction and length and are useful in describing transformations.

· Algorithms have been developed for finding good answers to real-world problems using vertex-edge graphs.

	Content Benchmarks
	Comments and Examples

	A1.  Use coordinates and algebraic techniques to describe and define geometric figures and to interpret, represent, and verify geometric relationships. 

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.B.5 

· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.3, 4.5.12.C.4, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:  

· Building on an understanding of the following Algebra I topics:
· Distance between two points  

· Slope of a line segment 

· Finding the intersection of two lines   

· Lines with the same slope are parallel  

· Lines that are perpendicular have slopes whose product is –1 

· Extending the understanding of lines, line segments, triangles, quadrilaterals, and polygons by using coordinates to describe and analyze geometric situations (e.g., midpoint  of a line segment). 

· Using the techniques of coordinate geometry in simple proofs.
· Course Sequence:  A substantial portion of the content of this benchmark should be included in algebra II if algebra II precedes geometry.
Sample Assessments:

· Extended Constructed Response (ECR):  Given the coordinates of the vertices of a quadrilateral, determine whether it is a parallelogram.

· Short Constructed Response (SCR):  Given a line segment in the coordinate plane whose endpoints are known, determine its length, midpoint, and slope.

· SCR: Given the coordinates of three vertices of a parallelogram, determine all possible coordinates for the fourth vertex.

· ECR:  Use coordinate geometry to prove that the diagonals of a square are perpendicular to each other.
Instructional Strategies:

· Connections (Mathematics):  Students, in their study of algebra, learned ways to find the point of intersection of two lines.  They should connect this to problems associated with specific geometric representations (e.g., finding the point at which a perpendicular bisector intersects a line segment on the coordinate plane).

· Enrichment:  Students (particularly those who have completed two years of algebra) may learn that the locus of points in the plane equidistant from two fixed points is the perpendicular bisector of the line segment joining them.
· Enrichment:  Study coordinates in space as an extension of 3D geometry.
· Global Perspectives:  Compare coordinates in the plane to the use of latitude and longitude to identify locations on the globe. 

· Interdisciplinary Connections (History):  Interpret the role of the parallel postulate as the key postulate in the formulation of Euclidean geometry.
· Enrichment:  Recognize that there are geometries other than Euclidean geometry in which the parallel postulate is not true.  Explore geometric representations and properties not found in Euclidean geometry (e.g., spherical geometry, taxicab geometry).
· Project:  Explore geometry on the surface of a sphere, on a balloon, or on a doughnut.

	A2.   Show position and represent motion in the coordinate plane using vectors.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.B.6
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.1, 4.5.12.C.3, 4.5.12.C.4, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3
E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Using vectors to represent quantities that have magnitude and direction and interpreting the direction and magnitude of a vector numerically.

· Representing the sum and difference of two vectors geometrically (as the diagonals of a parallelogram whose sides are formed by the two vectors) and calculating the sum and difference of two vectors.    

· Content Clarification:  The direction of a vector may be represented by ordered pairs or by an angle.
Sample Assessments:

· SCR:  The rectangular coordinates of three points in a plane are Q (‑3, ‑1), R (-2, 3), and S (1, -3).  A fourth point T is chosen so that the magnitude of vector ST is equal to twice the magnitude of vector QR.  What is the y-coordinate of T?                             (Answer:  5)

Instructional Strategies:

· Connections (Science):  Use vectors to represent scientific phenomena (e.g., force).

· Enrichment:  Students (particularly those who have completed two years of algebra) may explore and use row or column matrices to represent vectors.

	A3.  Use vertex-edge graphs and algorithmic thinking to represent and solve practical problems.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.4.12.D.1
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Answering the following types of questions:

· Is there a circuit that includes every edge in a graph just once? (e.g., snow plow or delivery routes) 

· Is there a circuit that includes every vertex in a graph just once? 

· Finding the shortest network connecting specified sites 

· Understanding the limitations on finding the shortest circuit on a map that makes a tour of specified sites.

· Content Clarification:  A vertex-edge (network) graph is a collection of points (nodes) and the lines (edges) that connect some subset of those points; a cycle on a graph is a closed loop created by a subset of edges.  A directed graph is one with one-way arrows as edges.
· Connections:  Vertex-edge graphs are frequently used to model geometries with a finite number of points as well as combinations problems and probability problems.  
· Examples: 

· Determine the shortest route for recycling trucks.
· Schedule when contestants play each other in a tournament.
· Illustrate all possible travel routes that include four cities.
Sample Assessments:

· ECR:
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                                                 Missouri Sample Grade 10 Item
Instructional Strategies:

· Connections:  Construct and interpret vertex-edge graphs and use them to diagram social and organizational networks.
· Enrichment:  Interpret a directed graph to determine the result of a tournament.

	B.  Reasoning in Geometric Situations:  Angles, Lines, and Polygons

	Essential Questions
	Enduring Understandings

	· How can mathematical reasoning help you make generalizations?  
· How do you know when you have proved something?  
· How can geometric/algebraic relationships best be represented and verified?           


	· People frequently develop a generalization to summarize sets of observations; but sometimes people over‑generalize, forming generalizations on the basis of too few observations.          

· A few examples can never prove that a generalization is true, but sometimes a single example can prove that a generalization is not always true.  Proving a generalization to be false is easier than proving it to be true.  
· If people have generalizations that always hold, and good information about a particular situation, then mathematical reasoning can help them to figure out what is true about it.  This kind of reasoning requires care in the use of key words such as if, then, and, not, or, all and some.  
· Mathematics is built on reason and always makes sense.  

· Reasoning allows us to make conjectures and to prove conjectures.          

	Content Benchmarks
	Comments and Examples

	B1  Use reasoning and some form of proof to verify or refute conjectures and theorems.
Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.A.6
· Incorporates Mathematical Processes:
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Content Clarification:  In traditional logic, an “axiom” or “postulate” is a proposition that is not proved or demonstrated but considered to be self-evident and is taken for granted.  It serves as a starting point for deducing and inferring other truths referred to as “theorems.”  Students should understand that the two terms “axiom” and “postulate” mean the same thing.
· Using the vocabulary of an axiomatic system and logic to describe geometric statements and the relationships among them (e.g., undefined term, axiom/postulate, hypothesis/conjecture, assumption, conclusion).
· Identifying the assumption, hypothesis, and conclusion for geometric statements.

· Explaining and illustrating the role of definitions, conjectures, theorems, proofs, and counterexamples in mathematical reasoning, using geometric examples to illustrate these concepts.
· Understanding how definitions can be used in proofs.  For example, if a square is given, then the definition of a square can be used to infer its properties.  If you are trying to prove that a figure is a square, then you must show that the figure satisfies the properties included in the definition.
· Presenting and analyzing direct and indirect geometric proofs using paragraphs or two-column or flow-chart formats; explaining how indirect reasoning can be used to establish a claim.

· Using Euclidean methods or coordinate geometry in proofs.

· Scope of Content:  Students should be able to:

- Make, test, and confirm or refute geometric conjectures using a variety of methods, including technology.  

- Demonstrate through example or explanation how indirect reasoning can be used to establish a claim.

- Recognize flaws or gaps in the reasoning supporting an argument.

- Develop a counterexample to refute an invalid statement.

- Determine the correct conclusions based on interpreting a theorem in which necessary or sufficient conditions in the theorem or hypothesis are satisfied.

· Example:  Explain why, if two lines are intersected by a third line in such a way as to make the corresponding angles, alternate interior angles, or alternate exterior angles congruent, then the two original lines must be parallel.

Sample Assessments:

· ECR: Write the inverse, converse, and contrapositive of the following statement and identify which of these statements are logically equivalent.

If  a quadrilateral is a rectangle, then its diagonals are congruent.

Instructional Strategies:

· Communication:  Write a proof and then compare your work to a partner’s. 
· Technology Integration:  Use geometric computer software or calculator packages to create and test conjectures about relationships.  For example, use the Geometer’s Sketchpad to test the impact on one vertical angle of changing the other angle.

· Reasoning:  Prove the same statement (e.g., the diagonals of a rectangle are congruent) using a synthetic proof, a coordinate proof, and a transformation proof.  Then compare the advantages and disadvantages of each method.
· Context for this indicator is specified in other indicators.

	B2.  Develop and test conjectures about angles and lines.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.A.4
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.3, 4.5.12.C.4, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Solving multi-step problems using the results of their justifications. 
· Using Euclidean methods or coordinate geometry in proofs
· Scope of Content:  Basic concepts from middle school (Grade 8) include the following:
· Vertical angles

· Supplementary and complementary angles

Content which may be new to students includes the following:

· Linear pairs of angles

· Angles formed by parallel lines (alternate interior and corresponding angles)

· Perpendicular bisector

· Angle bisector
Sample Assessment  Item :

· ECR:   Prove that the diagonals of a rhombus are perpendicular.  (This might be done using Euclidean methods or coordinate geometry).     
· MC:                         
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                                                         (Answer: A)

Instructional Strategies:

· Technology Integration:   Use geometric computer or calculator packages to create and test conjectures about geometric properties or relationships.  For example, investigate the measures of angles formed by a transversal crossing parallel lines using Geometer’s Sketchpad..

	B3.  Develop and test conjectures about polygons (especially triangles and quadrilaterals).

Links to Core Curriculum Content Standards:

· Reflects CPIs:  4.2.12.A.3, 4.2.12.A.4, 4.2.12.D.1, 4.2.12.D.2
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Solving multi-step problems using the results of justifications. 
· Using Euclidean methods or coordinate geometry in proofs.
· Scope of Content:  Basic concepts from prior grades to review include:
· Perimeter and area of squares, rectangles, parallelograms, kites, and trapezoids

· Pythagorean Theorem & its converse

· Lengths of sides and diagonals of polygons

Content which may be new to students includes the following:
· Finding which shape has minimal (or maximal) area or perimeter under given conditions using graphing calculators, dynamic geometric software, and/or spreadsheets

· Pythagorean triples (limited to multiples of 3-4-5 or 5-12-13 for most students)

· Special right triangles (30-60-90 and isosceles right triangles)
· Segment joining midpoints of two sides of a triangle is parallel to and half the length of the third side

· Minimal conditions for a shape to be a special quadrilateral (trapezoid, kite, parallelogram, rhombus, rectangle, square)

· Scope of Content:  Formulas for areas of squares, rectangles, parallelograms, and trapezoids were developed in grade 6 and have been used in subsequent grades.  High school students should be able to justify these formulas, explain why they work, apply them in a variety of complex situations, and estimate area and perimeter.
· Surface area and volume are included in E1. 
Sample Assessments:   

· Extended Constructed Response (ECR):  Prove that the diagonals of a rhombus are perpendicular.  (This might be done using Euclidean methods or coordinate geometry).      
· ECR:  Prove that the diagonals of a parallelogram bisect each other.
· Multiple Choice (MC):  The vertices of a triangle PQR are the points P (1, 2),  Q (4, 6), and R (-4, 12).  Which one of the following statements about triangle PQR must be true?

   A.     PQR is a right triangle with the right angle at P.

* B.     PQR is a right triangle with the right angle at Q.

   C.     PQR is a right triangle with the right angle at R.

   D.     PQR is not a right triangle.

· MC:
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                                       Answer:  G
Instructional Strategies:

· Technology Integration:  Use geometric computer or calculator packages to create and test conjectures about geometric properties or relationships.  For example, students might be asked to investigate the properties of the quadrilateral formed by joining the midpoints of the sides of a parallelogram using Geometer’s Sketchpad.

	B4.  Develop and use the triangle-sum and angle-measure theorems for polygons, and the Triangle Inequality Theorem.

Links to Core Curriculum Content Standards:

· Reflects CPIs:  4.2.12.A.4, 4.2.12.B.1
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.1, 4.5.12.C.3, 4.5.12.C.4, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3
E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Finding the interior and exterior angle sum for any polygon.
· Determining whether two of more given shapes can be used to generate a tessellation, basing the decision on an analysis of interior angle sums.
· Applying the Triangle Inequality Theorem. 
· Solving multi-step problems using the theorems developed. 
· Content Clarification:  The Triangle Inequality theorem states that the sum of the lengths of any two sides of a triangle is greater than the length of the third side.
· Related Previous Learning:  Note that the sum of the measures of the interior angles of a polygon was included in grade 8.

Sample Assessments:      

· ECR:  Explain why a regular pentagon and a square cannot be used together to generate a tessellation.  
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MC:          

A portion of a regulr polygon is shown.  The polygon has ____

* A.  15 sides          B.  16 sides        C.  18 sides        D.  20 sides
· MC:  Which of the following could not be the lengths of the sides of a triangle?

* A.   6 ft, 3 ft, 9 ft

   B.   3 cm, 4 cm, 5 cm

   C.   4 in., 6 in., 8 in.

   D.  5 km, 2 km, 4 km

· SCR:  The sum of the measures of the interior angles of a polygon is between 2300 and 2400.  How many sides does the polygon have?

                            (Answer:  15)

· Performance Assessment Task Task:  You are planning a new bathroom.  Design a tessellation using 2 or more shapes as a tile pattern for the floor of a 5' by 7' room.  (Extension:  Provide the dimensions of each shape tile and determine the total number of tiles of each shape that would be needed to cover the floor.)
Instructional Strategies:

· Connections:  Find examples of tessellations, classifying them by the number and type of polygons used to generate the tessellation.  
· Technology Integration:  Use computer software to check conjectures about what combinations of regular polygons can be used to generate a tessellation.
· Global Perspectives:  Investigate tessellations in other cultures.

	B5.  Analyze, execute, explain, and apply simple geometric constructions, using a variety of methods (e.g., straightedge and compass, patty/tracing paper, or technology).

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.A.5
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Reasoning:  Applying the properties of geometric figures and mathematical reasoning to perform and justify basic geometric constructions.

· Communication:  Students should have the opportunity not only to perform simple straightedge and compass constructions, but also to explain them.

· Scope of Content:  Students should be able to execute the following constructions:

· Angle bisector
· Midpoint and perpendicular bisector of a segment

· Perpendicular or parallel lines
Students constructed congruent line segments, congruent angles, and midpoints using patty/tracing paper and/or technology in grade 8.
Sample Assessments:

· ECR:  Given a line and a point, construct a line through the point that is parallel to the original line using straightedge and compass. Justify the steps of the construction.
· ECR:  Given a line and a point, construct a line through the point that is perpendicular to the original line.  Justify the steps of the construction.  (Note that students might use tools of their choice to answer this question.)
Instructional Strategies:

· Representations:  Students should have some experience with compass and straightedge constructions, although software construction tools may be more widely used.
· Technology Integration:   Investigate alternative construction software available on the Web.
· Enrichment/Connections Project:  Investigate constructible numbers, using Web resources.

	B6.  Choose appropriate tools and techniques to achieve the specified degree of precision and error needed in a situation.

Links to Core Curriculum Content Standards:

· Reflects CPIs:  4.2.12.C.1, 4.2.12.C.2
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.1, 4.5.12.C.3, 4.5.12.C.4, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3
E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1, 4.5.12.F.2

	Instructional Focus:

· Understanding and us ing the concept of significant digits.
· Determining the degree of accuracy of a given measurement tool.
· Finding the interval in which a computed measure (e.g., area or volume) lies, given the degree of precision of linear measurements
· Connecting work on this topic to computations of perimeter and area of polygons.
Sample Assessments:

· SCR:  Each edge of a square-based pyramid has length 6 feet, measured to the nearest foot.  What is the smallest volume that the pyramid can have?
(Answer:  5.5*5.5*5.5 = 166.375 cubic feet)
· Performance Assessment Task Task:  Have students select a situation involving a distance that cannot be measured directly.  Then have them use other measures to estimate that distance along with the percent error.
Instructional Strategies:

· Interdisciplinary Connections:  Students will need the concepts of significant digits and degree of accuracy in science courses, especially chemistry.  Use examples from the sciences for additional contexts.
· Global Perspective:  A vaccine for malaria is being tested which requires 15-30 micrograms of the vaccine for each child.  If the population of children in Tanzania is estimated to be 11,105, 842, how much of the vaccine must be produced for the initial inoculations?

	C.  Congruence, Similarity, and Right Triangle Trigonometry

	Essential Questions
	Enduring Understandings

	· What makes shapes alike and different?
· How are similarity, congruence, and symmetry related?
· What situations can be analyzed using transformations and symmetries?  
· How can transformations be described mathematically?
· How can we describe and analyze iterative geometric patterns?

	· Proportionality involves a relationship in which the ratio of two quantities remains constant as the corresponding values of the quantities change.  Proportions involve multiplicative rather than additive comparisons.
· If two quantities vary proportionally, that relationship can be represented as a linear function.
· Congruent shapes are also similar, but similar shapes may not be congruent.

· Shapes may have reflection (line) symmetry or rotation symmetry or neither.

· Properties of iterative geometric patterns can be analyzed and described mathematically.

	Content Benchmarks
	Comments and Examples

	C1.  Determine and apply conditions that guarantee congruence of triangles.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.A.44.2.12.B.2
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.1, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3
E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Determining whether two plane figures are congruent by showing whether they coincide when superimposed by means of a sequence of rigid motions (translation, reflection, or rotation).

· Identifying two triangles as congruent based on:

· SSS: the lengths of corresponding sides are equal 

· SAS:  the lengths of two pairs of corresponding sides and the measures of the corresponding angles between them are equal 

· ASA: the measure of two pairs of corresponding angles and the length of the side that joins them are equal. 

· Applying the definition and characteristics of congruence to make constructions, solve problems, and verify basic properties of angles and triangles  (e..g., students should be able to explain why AAS is equivalent to ASA for all practical purposes).

· Comparing and contrasting equality, congruence, and similarity.
· Analyzing figures in terms of their symmetries using the concepts of reflection, rotation, and translation, and combinations of these.
· Content Clarificaiton (Congruence):   Informally, two figures in the plane are congruent if they have the same size and shape. More formally, having the same size and shape means that one figure can be mapped into the other by means of a sequence of rigid transformations.
Sample Assessments:

· MC:
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                                                                   ( Answer:  D )
· ECR:  Use congruent triangles to prove that the bisector of the angle opposite the base of an isosceles triangle is the perpendicular bisector of the base.
· ECR:  Construct an isosceles triangle with a given base angle.
· ECR:  Given triangle ABC with A = (1, 2), B = (0, 0) and C = (5, 4).  Reflect ABC over the x-axis.  Show that the sides of the original triangle and the reflected triangle are congruent.
· SCR:  Find the scale factor for two congruent polygons.  (Answer:  1)

Instructional Strategies:

· Technology Integration:   Use computer or calculator software to explore conditions under which two triangles may or may not be congruent.

	C2.  Identify and apply conditions that are sufficient to guarantee similarity of triangles.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.D.2
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.3, 4.5.12.C.4, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Identifying two triangles as similar if the ratios of the lengths of corresponding sides are equal (SSS criterion) or if the measures of two pairs of corresponding angles are equal (AA criterion).  Some students may also learn that, if the ratios of the lengths of two pairs of corresponding sides and the measures of the corresponding angles between them are equal (SAS  criterion), then the triangles are similar.

· Applying the definition and characteristics of similarity to verify basic properties of angles and triangles and to perform constructions using geometric software.

· Identifying the constant of proportionality and determine the measures of corresponding sides and angles for similar triangles.

· Using similar triangles to demonstrate that the rate of change (slope) associated with any two points on a line is a constant.

· Content Clarification (Similarity):   Informally, two geometric objects in the plane are similar if they have the same shape.  More formally, having the same shape means that one figure can be mapped onto the other by means of rigid transformations and/or an origin-centered dilation.
· Representing translations, line reflections, rotations, and origin-centered dilations of objects in the coordinate plane by using sketches, coordinates, and function notation; and explaining the effects of these transformations.

· Content Clarification (Dilation):  An origin-centered dilation with   scale factor r maps every point (x, y) in the coordinate plane to the point (rx, ry).  This can also be represented using function notation as                                                    f(x,y) = (rx, ry).

Sample Assessments:

· SCR


[image: image5]
 If the triangles are similar, what is the value of x+y?               (Answer:  6)        
· MC:

[image: image6.emf]
                                      ( Answer:  F)

                                       Virginia Geometry Released Item 2003
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                                                (Answer:  J)

                                       Virginia Geometry Released Item 2003

· ECR:  In the following figure, triangle A’B’C’ with A’(9,3), B’(12,6), and C’(15,0) is the dilation of triangle ABC with A(3,1), B(4,2), and C(5,0). The scale factor for this dilation is 3.
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Explain why the image under an origin-centered dilation is similar to the original figure.

· Performance Assessment Task:  Measure the heights of a number of objects and the lengths of their shadows on a sunny day.  Create a scatterplot of the data, and write an equation that relates shadow length to object height.  Use your results to determine the height of a nearby building or tree.  Write a brief report of your work and your findings, describing how you used similar triangles.  (NCTM Navigating Through Geometry)
Instructional Strategies:

· Interdisciplinary Connections:  Use similarity to calculate the measures of corresponding parts of similar figures, and apply similarity in a variety of problem solving contexts within mathematics and other disciplines.

· Connections (Within Mathematics):  Show that an origin-centered dilation maps a line to a line with the same slope and that dilations map parallel lines to parallel lines (lines passing through the origin remain unchanged and are parallel to themselves).
· Connections (Within Mathematics):  Use vectors to represent translations.
· Representations:  Create a representation of a figure similar to a specified figure given their similarity ratio (scale factor).

· Classroom Task:  Have each student draw their own triangle and then construct a line parallel to one side.  Ask them how the smaller triangle is related to the larger one.  Have them explain and justify their conjectures.  
· Global Perspective:  Investigate how transformations are used in other cultures to generate patterns.
· Technology Integration:  Use computer or calculator software to explore the conditions under which pairs of triangles are similar. 

· Enrichment:  Students (particularly those who have completed two years of algebra) may explore the use of matrices to represent various transformations.

	C3.  Extend the concepts of similarity and congruence to other polygons in the plane.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.A.4, 4.2.12.B.4
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Identifying two polygons as similar if they have the same number of sides and angles, if corresponding angles have the same measure, and if corresponding sides are proportional.  

· Identifying two polygons as congruent if they are similar and their constant of proportionality equals 1. 
· Using transformations to analyze congruent or similar figures.
· Apply the concepts of similarity by generating and analyzing iterative geometric patterns to study self-similarity for fractals.
· Predicting the outcome of extending an iterative process indefinitely.
· Content Clarification:  A fractal is a geometric construction that is self-similar at different scales.  Examples of fractals appropriate for study would include Sierpinski’s triangle, the Koch snowflake, or the Sierpinski carpet.  

· Assessment Limitations:  Patterns involving the areas and perimeters of self-similar figures may be included.

Sample Assessments:

· SCR:  What is the width of a rectangle with length 5 that is similar to a rectangle with length 3 and width 4?   (Answer:  
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· ECR:  Sketch the next pattern in this sequence.

[image: image10.emf]
Instructional Strategies:

· Interdisciplinary Connections:  Students should have the opportunity to observe and appreciate fractals and other geometric constructs in nature and art.
· Representations:  Have students cut a sheet of paper into 3 congruent rectangles, placing 2 of them on the table.  Then have them cut the remaining rectangle into 2 congruent pieces, again placing 2 on the table.  Continue this process as long as you can.  Connect this activity to the infinite geometric sequence:   2/3 + 4/9 + 8/27 + … and discuss the limit.
· Technology Integration:  Students should have the opportunity to construct and observe fractals using computer technology.
· Enrichment:  Note that there are theorems indicating under what circumstances two quadrilaterals are congruent (e.g., SASAS), but that AAA does not guarantee similarity for quadrilaterals.  As a counterexample, consider two rectangles, both having four right angles and a width of 1, but with different lengths.

	C4.  Show how similarity of right triangles allows the trigonometric functions sine, cosine, and tangent to be properly defined as ratios of sides.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.D.1
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.1, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3
E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Knowing the definitions of sine, cosine, and tangent as ratios of sides in a right triangle and using trigonometry to calculate the length of sides, measure of angles, and area of a triangle.
· Explaining the importance of the irrational numbers √2 and √3 in basic right triangle trigonometry.
Sample Assessments:

· SCR:   The maximum slope for handicapped ramps in new construction is 1/12.  What angle will such a ramp make with the ground?

                    (Answer:  tan-1 (1/12) = 4.76 or about 5°.)

· SCR:  A 20-foot ladder is leaning against a wall.  The foot of the ladder is 8 feet from the base of the wall.  What is the approximate measure of the angle the ladder forms with the ground?             ( Answer:  about 66° )

Instructional Strategies:

· Enrichment:  Students (particularly those who have completed two years of algebra) may learn and use the Law of Sines and the Law of Cosines to solve problems.
· Enrichment:  Derive, interpret, and use the identity sin2θ + cos2θ = 1 for angles θ between 0° and 90° as a special representation of the Pythagorean theorem.

· Enrichment:  Students (particularly those who have completed two years of algebra) may find the area of a triangle with sides a and b and included angle θ using the formula Area = (1/2) a b sin θ.


	D. Circles

	Essential Questions
	Enduring Understandings

	· How do mathematical representations assist you in solving problems?
· How can transformations be described mathematically?
· What geometric relationships can be found in circles?
	· Coordinate geometry can be used to represent and verify geometric/algebraic relationships.
· One representation may sometimes be more helpful than another; and, used together, multiple representations give a fuller understanding of a problem.
· Geometric relationships in circles involve angles, arcs, and segments.

	Content Benchmarks
	Comments and Examples

	D1.  Recognize and apply the definitions and the properties of a circle. 

Links to Core Curriculum Content Standards:

· Reflects CPIs:  4.2.12.A.4, 4.2.12.D.1
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.2

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Applying concepts involving radius, diameter, arcs, central and inscribed angles, chords, tangents, and secants.

· Recognizing that a circle is the shape with minimal perimeter for a given area.

· Scope of Content:  Students learned about radius and diameter in grade 4 and circumference and area in grade 6.

Sample Assessments:

· ECR:  Prove that, if a radius of a circle passes through the midpoint of a chord, then the radius is perpendicular to the chord.

· ECR:  Prove that if a radius of a circle is perpendicular to a chord of the circle, then it bisects the chord.
Instructional Strategies:

· Technology Integration:  Students should use computer or calculator software to investigate relationships within circles and properties of circles.

	D2.  Verify and apply relationships associated with a circle.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.A.4
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.2

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1
 
	Instructional Focus:

· Recognizing and applying the fact that a tangent to a circle is perpendicular to the radius at the point of tangency.

· Recognizing, verifying, and applying the relationships between central angles and inscribed angles and the arcs they define.

Sample Assessments:

· ECR:  Show that a triangle inscribed on the diameter of a circle is a right triangle.
Instructional Strategies:

· Technology Integration:  Use computer or calculator software to investigate relationships within circles and properties of circles, such as those specified in the Instructional Focus above. 
· Enrichment:  More advanced students might also investigate the Intersecting Chords Theorem and other segment relationships involving secants, chords, and tangents.

	D3.  Determine the length of line segments and arcs, the measure of angles, and the areas of shapes that they define in complex geometric drawings.

Links to Core Curriculum Content Standards:

· Reflects CPIs:  4.2.12.A.4, 4.2.12.D.2
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1, 4.5.12.F.2
	Instructional Focus:

· Finding the areas of sectors of circles.
· Examples: 

· Determine the amount of glass in a semi-circular transom; 

· Identify the coverage of an overlapping circular pattern of irrigation; 

· Determine the length of the line of sight on the earth’s surface.
Sample Assessments:

· MC:  The inside rail of a running track consists of a rectangle with a semicircle at each end as shown in the figure below.  Find the approximate area surrounded by the track rail. 
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A. 1200 m2
B. 2456 m2
C. 1514 m2 
D.   160 m2
· ECR:  An apple pie is cut into six equal slices.  The diameter of the pie is ten inches.
· What is the approximate arc length of one slice of pie?

· What is the approximate area of the top of one slice of pie?
Instructional Strategies:

· Technology Integration:  Use computer or calculator software to investigate relationships within circles and properties of circles.

	D4.  Relate the equation of a circle to its characteristics and its graph.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.B.7
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.2

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Developing and using the equation for a circle in standard form.
· Determining the equation of a circle given its center and radius.

· Determining the center and radius of a circle, given its equation in standard form.
Sample Assessments:

· SCR:  Find the equation of a circle of radius 5 whose center is at  (3, 1).

                 (  Answer:  (x – 3)2 + (y – 2)2 = 25  )

· ECR:  Describe the set of points 4 units from (-1, 2) and write the equation of this set of points.

· ECR:  Describe the circle whose equation is given by the equation 
(y + 5)2 + x2  = 12

Instructional Strategies:

· Connections:  Use the definition of a circle as the set of points (x, y) at a given distance r from the center (h, k) and the distance formula to generate the equation of a circle.
· Technology Integration:  Use computer software or graphing calculators to create pictures using equations and inequalities.  For example, a cartoon fish may be drawn using two parabolas, adding a small circle for an eye and a short line segment for a mouth (connections with Visual Arts, using simple shapes to build a more complex shape).

	E. Three-Dimensional Geometry

	Essential Questions
	Enduring Understandings

	· How are 1-, 2-, and 3-dimensional shapes related?
· How can 3-dimensional objects be represented in 2 dimensions?
· How can 3D objects be measured?
	· Shape can be seen from different perspectives.
· Nets, perspective drawings, and projections (front, top, side) are ways of representing 3D figures in two dimensions.
· Two measures of objects in space are their volume and their surface area.

	Content Benchmarks
	Comments and Examples

	E1.  Determine the surface area and volume of solid figures, recognizing and using relationships among volumes of common solids.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.D.1
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.2

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2


	Instructional Focus:

· Determining the surface area of pyramids and cones when the slant height is not given. 
· Determining the volume of pyramids and cones when the height is not given.
· Related Previous Learning:  Students should recall from middle school that the volume of a pyramid (or cone) is one-third the volume of a prism (or cylinder) of the same base area and height.  Students developed and  used formulas for volumes of prisms, cones, and pyramids and for surface areas of prisms and pyramids with triangular or rectangular bases in grade 8.
· Related Previous Learning:  Students will recall from their middle school study of geometry that the effect of a scale factor of k relating one two-dimensional figure to another or one three-dimensional figure to another, on the length, area, and volume of the figures is to multiply each by k, k2, and k3, respectively.
Sample Assessment

· SCR:  Find the surface area of a square-based pyramid whose sides all have length 2.       (Answer:  (1/3)(2)(2)(√3) = (4√3)/3 square units )
· SCR:  Find the volume of a cone with radius 2 inches and height 4 inches.          (Answer:  (1/3)(π)(22)(4) = 16π/3 or about 16.8 in3.)
· ECR:  A small house is 12 meters long, 12 meters wide, and 3 meters tall.  The roof forms a square-based pyramid with all edges measuring 12 meters.  Design an extra room inscribed in the pyramid, that has the same length, width, and height.

· What are the room’s dimensions?

· How much carpet is needed for the room?

· How much space is available for storage behind the four walls of the new room?

(Answers:  The room should have length, width, and height of about 4.97 meters.  The floor area is thus about 24.7 square meters.  The volume of storage space available is about 285 cubic feet.)

	E2.  Create, interpret, and use two-dimensional representations of three-dimensional objects.

Links to Core Curriculum Content Standards:

· Reflects CPIs:  4.2.12.A.1, 4.2.12.A.2
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.2

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3,

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Related Previous Learning:  Students worked with these concepts in grade 6.  Now they are expected to be able to construct their own representations:
· Nets or projective views (top, front, side)

· Perspective views on isometric dot paper, given 2D representations (nets or projective views)

Sample Assessments: 

· MC:

[image: image11.emf]
                                  (Answer:  C )

· ECR:  Sketch the figure formed of blocks that has the following perspective views using isometric dot paper.


   Top                              Front                  Right

· Performance Assessment Task Task:  Design an apartment or house that has certain constraints in terms of footprint, roof area, and/or volume (e.g., to descrease heating/cooling costs).  

· Performance Assessment Task Task:  Explain why manhole covers are round.
Instructional Strategies:

· Representations:  Use cubes to develop spatial reasoning skills.

· Representations:  Fold 20 circles into truncated tetrahedra so that when the figures are joined, they form an icosahedron.  After each fold, describe the object and find the surface area of the figure if the area of the first equilateral triangle is 1.

· Technology Integration:  Use applets to create isometric views or to rotate 3D objects so that they can be visualized more easily.

	E3.  Analyze cross-sections of basic three-dimensional objects and identify the resulting shapes.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.A.4
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.2

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1
	Instructional Focus:

· Describing the intersection of a plane with a cube, a cylinder, a cone, or a sphere.

· Mathematical Connections:  This skill is related to being able to combine and decompose shapes in three dimensions..

Sample Assessments:

· ECR:  Describe all possible results of the intersection of a plane with a cube.

Instructional Strategies:

· Representations:  Students may need to actually slice clay with a plane in order to see the intersections.  Alternatively, use a clear transparency to construct a net of a 3D object and then make the object.  Then use a colored transparency to represent the plane, sliding that transparency through the 3D object.
· Technology Integration:  Computer software may enable students to rotate 3D figures so that they can more easily visualize them.

	E4.  Describe the characteristics of the three-dimensional object traced out when a one- or two-dimensional figure is rotated about an axis.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.2.12.B.3
· Incorporates Mathematical Processes:

A.  Problem Solving:  

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.4
D.  Reasoning:  

E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1
	Instructional Focus:

· Mathematical Connections:  This topic is related to rotational symmetry.

Sample Assessments:

· SCR:   A triangle has vertices at (0, 0), (2, 0), and (0, 10).  What is the volume of the shape generated when this triangle is rotated about the x-axis?

      (Answer:  (1/3)(π)(10)(10)(2) = 20π/3 )

Instructional Strategies:

· Technology Integration:  Recognize three-dimensional figures obtained through transformations of two-dimensional figures (e.g., cone as rotating an isosceles triangle about an altitude), using software as an aid to visualization.

	E5.  Analyze all possible relationships among two or three planes in space and identify their intersections.

Links to Core Curriculum Content Standards:

· Builds on content in CPI:  4.2.12.A.4
· Incorporates Mathematical Processes:

A.  Problem Solving:  

B.  Communication:  

C.  Connections:  

D.  Reasoning:  

E.  Representations:  

F.  Technology:  

	Instructional Focus:

· Knowing that two distinct planes either will be parallel or will intersect in a line.

· Demonstrating that three distinct planes may be parallel; two of them may be parallel to each other and intersect with the third, resulting in two parallel lines; or none may be parallel, in which case the three planes intersect in a single point or a single line, or by pairs in three parallel lines.

Instructional Strategies:

· Representations:  Teachers should use concrete models of planes (e.g., desk tops or sheets of cardboard), discussing with students how the physical models are the same as or differ from the mathematical planes which they represent.

· Technology Integration:  Students should have the opportunity to explore possible relationships among planes in space using appropriate computer software.

	F. Probability 

	Essential Questions
	Enduring Understandings

	· How can geometry help determine probability?

· How can Pascal’s Triangle help in solving geometric problems?
	· Geometric representations can be used to solve probability problems.
· Simulation is a technique used for answering real-world questions or making decisions in complex situations in which an element of chance is involved.
· Pascal’s Triangle can be helpful in solving problems related to combinations and to fractals.  

	Content Benchmarks
	Comments and Examples

	F1.  Apply the multiplication rule of counting in complex situations, recognize the difference between situations with replacement and without replacement, and recognize the difference between ordered and unordered counting situations.

Links to Core Curriculum Content Standards:

· Reflects CPIs:  4.4.12.C.2, 4.4.12.C.3, 4.4.12.C.1
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.1, 4.5.12.C.2
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3
E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1

	Instructional Focus:

· Extending the understanding of combinations that began in middle school and was reinforced in Algebra 1.

· Justifying their solutions to counting problems.

· Mathematical Connections:  These skills are needed in order to determine probabilities.

Sample Assessments:

· SCR:  Three dice are tossed.  How many possible outcomes are there?
            (Answer:  6 x 6 x 6 = 216)
· SCR:  A license plate consists of 2 letters followed by 2 digits (0-9).  How many possible license plates are there?
            (Answer:  26 x 26 x 10 x 10 = 67600)

· SCR:  The winning number in a lottery is selected by pulling out 3 balls from a barrel containing one of each digit from 0 through 9.  How many different numbers can they draw?
             (Answer: 10 x 9 x 8 = 720)

· SCR:  A jar contains 3 red marbles and 1 white marble.  Two marbles are selected at the same time.  How many different combinations of 2 marbles can be picked?         (Answer:  4 * 3 = 12)
· SCR:  A jar contains 3 red marbles and 1 white marble. Two marbles are selected at the same time.  How many different ways can a red marble and a white marble be picked?       (Answer: 3 x 1 + 1 x 3 =  6)
· SCR:   How many different committees can be formed from a group of 7 females and 5 males if each committee must have 3 females and 2 males?  Assume that each person may serve on any number of committees.         (Answer:  7 x 6 x 5 x 5 x 4 = 4200)
Instructional Strategies:

· Reasoning:  Rather than having students use built-in calculator functions or memorize formulas for this type of problem, encourage them to use reasoning to determine results.  For example, tossing a coin 5 times and getting 3 heads can be determined by multiplying 5 x 4 x 3 and then dividing by 3 x 2 x 1.  There are 5 coins that might be the first head, 4 for the next head and 3 for the last one, but we must divide by 3 x 2 x 1, since the heads cannot be distinguished from one another.

· Representations:  In some situations, it may be helpful for students to list the sample space to check their work.

· Project:  Investigate different types of lotteries, determining the total possible numbers of outcomes.

	F2.  Recognize and explain relationships involving combinations and Pascal’s Triangle, and apply those methods to situations involving probability.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.4.12.C.4
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4

B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3

C.  Connections:  4.5.12.C.1, 4.5.12.C.3, 4.5.12.C.4, 4.5.12.C.2

D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3

E.  Representations:  4.5.12.E.1, 4.5.12.E.2

F.  Technology:  4.5.12.F.1
	Instructional Focus:

· Using Pascal’s Triangle to compute combinations.
· Connecting Pascal’s Triangle to geometric concepts such as fractals and the number of possible paths from one point to another.
Sample Assessments:

· ECR:  At Pascal’s Pizza Emporium, there are only 4 pizza toppings available:  pepperoni, onions, sausage, and mushrooms.  You can order pizza with no toppings at all or with any number of toppings up to four.  Explain how you can use Pascal’s Triangle to find the number of different pizzas that can be made with 0, 1, 2, 3, or 4 possible toppings.
Instructional Strategies:

· Connections (Within Mathemaics):  Have students determine the number of ways to get from one corner to another in a square grid (without backtracking).  Then have them compare their results to the numbers in Pascal’s Triangle.

· Interdisciplinary Connections:  Have students create Pascal’s Triangle on hexagonal grid paper and then color all of the odd numbers to generate the Sierpinski Triangle.

	F3.   Recognize probability problems that can be represented by geometric diagrams, on the number line, or in the coordinate plane.

Links to Core Curriculum Content Standards:

· Reflects CPI:  4.4.12.B.5
· Incorporates Mathematical Processes:

A.  Problem Solving:  4.5.12.A.1, 4.5.12.A.2, 4.5.12.A.3, 4.5.12.A.4
B.  Communication:  4.5.12.B.1, 4.5.12.B.2, 4.5.12.B.3
C.  Connections:  4.5.12.C.1
D.  Reasoning:  4.5.12.D.1, 4.5.12.D.2, 4.5.12.D.3
E.  Representations:  4.5.12.E.1, 4.5.12.E.2
F.  Technology:  4.5.12.F.1
	Instructional Focus:

· Representing such situations geometrically and applying geometric properties of length or area to calculate the probabilities.

· Calculating the expected value of a probability-based game, given the probabilities and payoffs of various outcomes, and determining whether the game is fair.

Sample Assessments:

· SCR:  To win a carnival game, Kay must throw a dart and hit one of 25 circles on a dartboard that is 4 feet by 3 feet.  The diameter of each circle is 4 inches.  Approximately what is the probability that a randomly-thrown dart that hits the board will also hit a circle?
· Performance Assessment Task:  A carnival game consists of throwing a CD onto a grid.  If the CD does not land on a line, the player wins.  Your school wants to use this game at a fundraiser.  Determine what size grid should be used, how large the grid should be, and how much players should be charged per throw.  Explain your work using expected value.
Instructional Strategies:

· Connections (Real World):  Analyze various carnival games.

· Project:  Investigate the probability that three randomly chosen points on the plane are the vertices of an obtuse triangle using simulation.


	G.  Other Conic Sections [Optional]

	This optional section will most commonly be included in courses for students who have already completed two years of algebra.   It extends the examination of conic sections beyond circles, to address representation, analysis, and models using ellipses, hyperbolas, and parabolas with horizontal axes.

	Essential Questions
	Enduring Understandings

	· How are physical models used to clarify mathematical relationships? 
· How do mathematical representations assist you in solving problems?                                                                                                                

	· Mathematical objects can be represented in many different but equivalent forms.  Different representations highlight different aspects of the mathematics involved in each object.  
· One representation may sometimes be more helpful than another; and, used together, multiple representations give a fuller understanding of a problem.
· An object’s location on a plane or in space can be described quantitatively.

	Content Benchmarks
	Comments and Examples

	G1.  Identify a parabola, circle, ellipse, or hyperbola from its equation, description, or key characteristics.

Links to Core Curriculum Content Standards:

· Reflects CPI:  

· Incorporates Mathematical Processes:

A.  Problem Solving:  

B.  Communication:  

C.  Connections:  

D.  Reasoning:  

E.  Representations:  

F.  Technology:  
	Instructional Focus:

· Determining which conic section is represented by an equation based on the relative size and sign of the parameters in the equation.

Instructional Strategies:

· Representations:  Use paperfolding to generate parabolas.

· Representations:  Use  a pencil and a string whose ends are fastened with tacks to the foci of an ellipse to draw an ellipse.
· Technology Integration:  Students should use computers or graphing calculators.to investigate the graphs of different types of conic sections.          

	G2.  Represent conic sections in multiple ways (i.e., graphs, verbal statements, equations) and translate among these representations.

Links to Core Curriculum Content Standards:

· Reflects CPI:  

· Incorporates Mathematical Processes:

A.  Problem Solving:  

B.  Communication:  

C.  Connections:  

D.  Reasoning:  

E.  Representations:  

F.  Technology:  


	Instructional Focus:

· Expressing the equations of conic sections in multiple forms to extract information about the parabola, circle, ellipse, or hyperbola.

· Translating from the general form for conic section, Ax2 + By2 + Cx + Dy + E = 0, to the standard form for graphic analysis.
· Communicating understanding of the relationship between the standard algebraic forms and graphical characteristics for parabolas, circles, ellipses, and hyperbolas.
· Example:  The standard form of an ellipse
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identifies the center as (h, k) and major axis as the x-axis; it provides sufficient information to determine the location of the vertices and foci and the eccentricity.

Sample Assessments:

· SCR:   The point (1, 4) lies on the graph of y = x2.  The graph is then translated so that the new equation is y = (x – 2)2 – 3.  What are the coordinates of the image of the point (1, 4)?                ( Answer:  (3, 1)  )
Instructional Strategies:

· Technology Integration:  Use applets on the Internet or geometry software to translate parabolas, ellipses, circles, and hyperbolas.

· Technology Integration/Connections:  Have students look either on appropriate internet sites or in their own physical surroundings or for real-world examples of conic sections.

	G3.  Describe the effect that changes in the parameters of a particular conic section have on its shape and position.

Links to Core Curriculum Content Standards:

· Reflects CPI:  

· Incorporates Mathematical Processes:

A.  Problem Solving:  

B.  Communication:  

C.  Connections:  

D.  Reasoning:  

E.  Representations:  

F.  Technology:  

	Instructional Focus:

· Exploring each conic graphically, numerically, geometrically, and algebraically.
· Assessment Limitation:  Parabolas should be limited to those defined by reference to focus, directrix, and/or eccentricity or to non-function parabolas that can be expressed in the form, x = ay2 + by + c.

Sample Assessments:

· ECR:  Find the equation of the ellipse whose foci are (4, 0) and (4, 6) that passes through the point (4, -2).
Instructional Strategies:

· Classroom Task:  Graph a conic by hand and then label the different parts, including equations and measures.  For example, graph the equation x = 4y2, label the coordinates of the focus and vertex, and write the equations for the directrix and the axis of symmetry.

	G4.  Recognize and solve problems that can be modeled using conic sections.  Interpret their solutions in terms of the context of the problem.
	Instructional Strategies:

· Connections:  Use real world problems of interest to students, possibly including parabolic mirrors, satellite dish design, planet or satellite orbits, wooden plaques, whispering galleries, tracking systems, telescopes, or long range navigational systems.
Sample Assessments:

· ECR:  Three loran transmitters A, B, and C are located 200 miles apart along a straight shoreline and simultaneously transmit signals at regular intervals.  The signals travel at a speed of 980 feet per microsecond.  A ship S receives a signal from B and 305 microseconds later one from C.  It also receives a signal from A 528 microseconds after the one from from B.  Determine the location of the ship.
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